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Abstract: This paper is devoted to the study of the effective field theory de-
scription of the probe D1-brane in the background of the system of two stacks of
fivebranes in type IIB theory that intersect on R1,1. We study the properties of the
Dirac-Born-Infeld action for D1-brane moving in this background. We will argue
that this action is invariant under an additional symmetry in the near horizon limit
and that this new symmetry is closely related to the enhanced symmetry of the
I-brane background considered recently in [hep-th/0508025]. We also solve explicitly
the equation of motion of D1-brane in the near horizon limit.
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1. Introduction and Summary
One of the most outstanding problems in string theory is the problem of string
dynamics in the time dependent background. On the other hand there was great
recent progress pioneered by work of A. Sen [1, 2, 3, 4] that showed that the rolling
tachyon could be used to describe an decay of an unstable D-brane. It is very nice
that Dirac-Born-Infeld (DBI)-like tachyon effective action [5, 6, 7, 8] can capture
most of the aspects of the time dynamics of the tachyon.
The problem of the time dependence of the string theory was also analyzed
from different point of view in the paper [10]2 where the time dependent motion of
probe Dp-brane in the background of N NS5-branes was considered. Among many
interesting results derived there was an observation that the radial motion of such
a probe Dp-brane can be mapped to the time depend tachyon like condensation.
It is then very tempting to conjecture that tachyon could have geometrical origin.
Kutasov’s paper is also an example how probe Dp-brane dynamics could be useful for
the study of properties of given background. In fact the probe D-brane analysis was
very successful in the study of matrix theory (See [32, 33] for reviews and extensive list
of references.) and AdS/CFT correspondence (See for example [34].) For that reason
it seems to be natural to analyze the dynamics of the probe D-brane in all interesting
backgrounds. One such an example of a nontrivial string theory background was
recently considered in a remarkable paper by N. Itzaki, D. Kutasov and N. Seiberg
[35]. This background consists two stacks of fivebranes in type IIB theory that
2Some related works are [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29,
30, 31].
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intersect on R1,1. Very careful analysis presented there discovered many interesting
results. For example, it was shown that there is an enhancement of the symmetry in
the near horizon geometry of given background that in some sense mixes the world
volume coordinate of I-brane with the transverse ones 3. This property was then
analyzed in [35] from the point of view of the effective field theory living on the
intersecting NS5-branes and also from the perspective of the closed string moving
in this background. Unfortunately there is not enough place to review all results
derived in this paper and we recommend the original paper [35] for more details with
profound physical interpretation.
The goal of this paper is much modest. We will study the classical dynamics
of the probe D1-brane in the I-brane background, where one can hope, according
to arguments given above, that this dynamics could reflect some of the nontrivial
predictions given in paper [35]. To do this we will carefully examine the conserved
charges for D1-brane moving in given background. We will see that in the near
horizon limit of the I-brane geometry one can find on the world volume of D1-brane
a new transformation. It turns out that this-scaling like transformation-is symmetry
of the action in case of the pure time dependent dynamics on the world volume of
D1-brane and also in case when all world volume scalar modes are spatial dependent
only 4. Then with the help of the new conserved charge we will be able to solve
the equations of motion explicitly. Following [11, 28] we could expect that this time
evolution of the probe D1-brane in I-brane background has holographic description
in a dual 2 + 1 dimensional Little String Theory [35].
Despite of the fact that the analysis given in this paper cannot much to say to
the holographic formulation of I-dynamics we can still hope that it could be helpful
for the study of the interesting properties of I-brane background. For example,
an emergence of the scaling symmetry in the near horizon region is related to the
enhancement of the world volume symmetry of I-brane from (1, 1) to (2, 1). We
also hope that the conformal field theory description of D-brane dynamics in I-brane
background will be determined and the solutions found in this paper could arise as
a classical limit of the exact boundary state analysis. On the other hand we still
believe that the DBI analysis of the probe could be extended in several directions.
First of all, we are going to study the spatial dependent solutions of the D1-brane in
the I-brane background. We can also study the dynamics of D1-brane probe in the
background where some of the NS5-branes are not coincident. Another interesting
problem seems to be the analysis of probe Dp-brane dynamics in the background of
1 + 1 dimensional intersection of two orthogonal stacks of NS5-branes in the type
IIA theory or in the background of 1 + 1 dimensional intersection of two orthogonal
stack of D5-branes in type IIB theory.
3This point was also confirmed in [36].
4The case of spatial dependent scalar fields will be analyzed in separate publication.
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The organization of the paper is as follows. In the next section (2) we will
review the properties of the DBI action in general background. We will also study
the symmetry properties of given action and we will outline the general prescription
how to obtain charges that either are conserved or obey the equation where on the
left hand side is a divergence of given current while the right hand side contains an
anomaly term that is a result of the explicit breaking of given symmetry in given
action. In section (3) we will introduce the Lagrangian density for probe D1-brane
in I-brane background and determine some conserved quantities that follow from the
symmetry of D1-brane action in I-brane background. In section (4) we will solve
the equation of motion for D1-brane in the near horizon limit where all modes on
the world volume of D1-brane are homogeneous. We find explicit time dependence
of the radial modes that describe the radial position of D1-brane. We will also find
the relation between the dilatation symmetry that emerges on the world volume of
D1-brane and the new symmetry that was discovered in the paper [35].
2. DBI action
The starting point of our analysis is Dirac-Born-Infeld action for Dp-brane in a
general background
S = −τp
∫
dp+1xe−Φ
√
− detAµν ,Aµν = γµν + Fµν ,
(2.1)
where τp is Dp-brane tension, Φ(X) is dilaton and where γµν , µ, ν = 0, . . . , p is
embedding of the metric to the world volume of Dp-brane
γµν = gMN∂µX
M∂νX
N ,M,N = 0, . . . , 9 . (2.2)
In (2.1) the form Fµν is defined as
Fµν = bMN∂µX
M∂νX
N + ∂µAν − ∂νAµ , (2.3)
where bMN are components of NS two form. Thanks to the diffeomorphism invariance
of the world volume theory it is natural to fix some space time coordinates XM to
be equal to the world volume coordinates xµ:
Xµ = xµ , µ = 0, . . . , p . (2.4)
Note that this choice generally leads to the induced metric γµν and two form Fµν to
be functions of xµ and XI where I, J, ... = p + 1, . . . , D label coordinate transverse
to the world volume of Dp-brane:
γµν = gµν(x
µ, XI) + gµI(x
µ, XI)∂νX
I + gJν(x
µ, XI)∂µX
J +
3
+gIJ(x
µ, XI)∂µX
I∂νX
J ,
Fµν = bµν(x
µ, XI) + bµI(x
µ, XI)∂νX
I + bJν(x
µ, XI)∂µX
J +
+bIJ(x
µ, XI)∂µX
I∂νX
J + ∂µAν − ∂µAν .
(2.5)
In the following we will consider the case when the background metric and two form
field are block diagonal so that gµI = gJν = bIν = 0. Now the equation of motion for
XK , K = p+ 1, . . . , 9 takes the form
∂K [e
−Φ]
√− detA+ e
−Φ
2
[
∂Kgµν + ∂KgIJ∂µX
I∂νX
J+
+∂Kbµν + ∂KbIJ∂µX
I∂νX
J
] (
A−1
)νµ√− detA−
−∂µ
[
e−ΦgKI∂νX
I
(
A−1
)νµ
S
√
− detA
]
−
−∂µ
[
e−ΦbKI∂νX
I
(
A−1
)νµ
A
√− detA
]
= 0 ,
(2.6)
where(
A−1
)µν
S
=
1
2
((
A−1
)νµ
+
(
A−1
)µν)
,
(
A−1
)µν
A
=
1
2
((
A−1
)νµ − (A−1)µν) . (2.7)
Finally, we should also determine the equation of motion for the gauge field Aµ:
∂ν
[
e−Φ
(
A−1
)νµ
A
√− detA
]
= 0 . (2.8)
The power of the Lagrangian formalism is that it is manifestly covariant. Then it is
natural to determine all possible conserved charges or currents, whose divergences are
nonzero and that correspond to some explicitly broken symmetry in given action. The
knowledge of these currents then considerably simplifies the analysis of the dynamics
of Dp-brane. To do this we will be more general and start with the action
S =
∫
dDxL(mA, φI(x), ∂µφI(x)) , (2.9)
where mA , A = 1, . . . , K are parameters that are contained in the action and where
φI are dynamical fields. Let us now consider the variation of the action under general
transformation of coordinates xµ in the form
x′µ = xµ + δxµ , (2.10)
where the infinitesimal δxµ is specified by a set of infinitesimal parameters ωi
δxµ = Xµi (x)δω
i . (2.11)
Under such a transformation the field φI will, in general, transforms. Thus
φ′I(x′) = φI(x) + δφI(x) , (2.12)
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where δφI is also specified by parameters δωi so
δφI = ΦIi (x)δω
i , (2.13)
where ΦI are functionals of φJ and functions of x. Evidently, the total variation δφI
derives both from the variation of the field function and from the variation of its
argument:
φ′I(x′) = φ′I(x+ δx) = φ′I(x)+∂µφ
I(x)δxµ = φI(x)+ δ0φ
I(x)+∂µφ
I(x)δxµ . (2.14)
Thus we find
δ0φ
I(x) = δφI(x)− ∂µφI(x)δxµ = [ΦIi − ∂µφI ]δωi . (2.15)
Let us also presume that the action is invariant under these symmetry transforma-
tions when parameters mA transform as well
m′A = mA + δmA = mA + ΩAi (φ, x)δω
i . (2.16)
Then the variation of the action takes the form
δS =
∫
δ(dDx)L+
∫
dDxδL , (2.17)
where δL is the variation in the Lagrangian density caused by above variation of
xµ, φI and mA and δ
(
dDx
)
is the variation of the integration measure caused by
variation of xµ. In fact
δ
(
dDx
)
= dDx′ − dDx = ∂µ(Xµi ωi)dDx .
(2.18)
Now remember that the variation of the Lagrangian density is equal to
δL(x) = δ0L(x) + δL
δmA
δmA + ∂µLδxµ , (2.19)
where the variation δ0L is caused by variation of δ0φI . Then the variation of S is
δS =
∫
dDx∂µ
(
LXµi δωi +
δL
δ∂µφI
δ0φ
I
)
+
∫
dDx
δL
δmA
ΩAi δω
i +
+
∫
dDx
[
δL
δφI
− ∂µ δL
δ∂µφI
]
δ0φ
I .
(2.20)
If the fields obey the equation of motion that the expression on the last line vanishes.
Then for the fields that obey the equation of motion the variation of the action is
equal to
δS = −
∫
dDx∂µ(j
µ
i δω
i) +
∫
dDx
δL
δmA
ΩAi δω
i , (2.21)
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where
j
µ
i =
(
−Lδµν +
δL
δ∂µφI
∂νφ
I
)
Xνi −
δL
δ∂µφI
ΦIi . (2.22)
Now suppose that S is invariant when the variations are parameterized by constant
δωi. Then (2.21) implies
0 =
∫
dDx
(
−∂µjµi +
δL
δmA
ΩAi
)
δωi . (2.23)
Consequently we get that the current jµi obeys the equation
∂µj
µ
i =
δL
δmA
ΩAi . (2.24)
In case when ΩAi vanish we obtain familiar result that the charge
Qi(t) ≡
∫
dD−1xj0i (2.25)
is constant, independent on t.
Now we apply this general discussion to the case of Dp-brane where as we know,
the world volume fields are XI and Aµ. Considering parameters m
A, we will in-
troduce them into the action in case when the action is not invariant without their
transformations as well.
As the first example we determine components of the world volume stress energy
tensor. To do this we consider following transformation
x′µ = xµ + ǫµ , (2.26)
where ǫµ = const. This transformation corresponds to
Xµν = δ
µ
ν . (2.27)
Under this transformation the world volume fields transform as follows
X ′I(x′) = XI(x)⇒ ΦXIµ = 0 ,
A′µ(x
′) = Aν(x)
(
∂x′µ
∂xν
)−1
= Aν(x)δ
ν
µ = Aµ(x)⇒ ΦAµν = 0 .
(2.28)
Since the action is manifestly invariant under these transformations there is no need
to presume that the parameters mA transform as well and the right hand side of the
equation (2.24) is zero. Now using (2.27) and (2.28) we obtain the components of
the world volume stress energy tensor
jµν ≡ T µν =
(
−Lδµκ +
δL
δ∂µXI
∂κX
I +
δL
δ∂µAσ
∂κAσ
)
δκν =
= τpe
−Φ
(
δµν − gIJ∂κXJ
(
A−1
)κµ
S
∂νX
I−
−bIJ∂κXJ
(
A−1
)κµ
A
∂νX
I − ∂νAσ
(
A−1
)σµ
A
)√− detA
(2.29)
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that obey the equation
∂µT
µ
ν = 0 . (2.30)
Even if it seems that the analysis performed above is well known we mean that it
was useful to do it. Especially the case when the symmetry is explicitly broken will
be important in the next section.
3. D1-brane in the background of I-brane
In this section we will study the dynamics of D1-brane in the background studied in
the work [35]. Namely, we consider the intersection of two stack of NS5-branes. We
have k1 NS5-branes extended in (0, 1, 2, 3, 4, 5) directions and the set of k2 NS5-branes
extended in (0, 1, 6, 7, 8, 9) directions. Let us define
y = (x2, x3, x4, x5) ,
z = (x6, x7, x8, x9) .
(3.1)
We have k1 NS5-branes localized at the points zn n = 1, . . . , k1 and k2 NS5-branes
localized at the points ya , a = 1 . . . , k2. Every pairs of fivebranes from different sets
intersect at different point (ya, zn). The supergravity background corresponding to
this configuration takes the form
Φ(z,y) = Φ1(z) + Φ2(y) ,
gµν = ηµν , µ, ν = 0, 1 ,
gαβ = e
2(Φ2−Φ2(∞))δαβ ,Hαβγ = −ǫαβγδ∂δΦ2 , α, β, γ, δ = 2, 3, 4, 5 ,
gpq = e
2(Φ1−Φ1(∞))δpq ,Hpqr = −ǫpqrs∂sΦ1 , p, q, r, s = 6, 7, 8, 9 ,
(3.2)
where Φ on the first line means the dilaton and where
e2(Φ1−Φ1(∞)) = 1 +
k1∑
n=1
l2s
|z− zn|2 ,
e2(Φ2−Φ2(∞)) = 1 +
k2∑
a=1
l2s
|y − ya|2 .
(3.3)
Our goal is to study properties of this background from the point of view of D1-brane
probe when zn = ya = 0. The action for D1-brane moving in given background takes
the form
S = −τ1
∫
d2xe−Φ
√
− detA , (3.4)
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where we have implicitly used the static gauge so that the matrix A is equal to
Aµν = gµν + gIJ∂µX
I∂νX
J + bIJ∂µX
I∂νX
J + ∂µAν − ∂νAµ , I, J = 2, . . . , 9 . (3.5)
To simplify notation let us denote
e2(Φ1−Φ1(∞)) = H1(z) , e
2(Φ2−Φ2(∞)) = H2(y) , (3.6)
where for coincident branes we have
H1 = 1 +
k1l
2
s
|z|2 , H2 = 1 +
k2l
2
s
|y|2 . (3.7)
Let us now consider the probe in the near horizon limit where
k1l
2
s
|z|2 ≫ 1 ,
k2l
2
s
|y|2 ≫ 1 (3.8)
so that we can write
H1 =
λ1
|z|2 , λ1 = k1l
2
s , H2 =
λ2
|y|2 , λ2 = k2l
2
s . (3.9)
In the near horizon limit the action takes the form
S = −τ1
∫
d2x
1
g1g2
√
H1H2
√− detA , (3.10)
where
Aµν = ηµν +H1δpr∂µZ
p∂νZ
r +H2δαβ∂µY
α∂νY
β +
Bpr∂µZ
p∂νZ
r +Bαβ∂µY
α∂νY
β + ∂µAν − ∂νAµ ,
(3.11)
and where g1 = e
Φ1(∞) , g2 = eΦ2(∞). According to arguments given in the paper
[35] we can expect that D1-brane that moves in the near horizon limit possess some
additional symmetry. In fact, it is easy to guess the form of such a transformation
Z ′p(x′) = ΓZp(x) , Y ′α(x′) = Γ−1Y α(x) , A′µ(x
′) = Aµ(x) , x
′µ = xµ , (3.12)
where Γ is a real parameter. Now we will argue that the action ( 3.10) is not generally
invariant under the transformation ( 3.12). Firstly, using (3.12) we see that H1 and
H2 transform as
H1(Z
′) =
λ1
Γ2|Z|2 = Γ
−2H1(Z) ,
H2(Y
′) =
λ2Γ
2
|Y|2 = Γ
2H2(Y ) .
(3.13)
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so that
√
H1H2 is invariant under (3.12). On the other hand using ( 3.13) we also
see that Φ1 and Φ2 transform as
Φ1(Z
′) = − ln Γ + Φ1(Z) ,Φ2(Y ′) = ln Γ + Φ2(Y ) . (3.14)
Then (3.2) implies that Hpqr(Z) and Hαβγ(Y ) transform as
Hpqr(Z ′) = Γ−1Hpqr(Z) ,Hαβγ(Y ′) = ΓHαβγ(Y ) . (3.15)
Finally from the definition H = db we get that b′pq and b′αβ are invariant under the
transformations (3.12)
bpq(Z
′) = bpq(Z) , bβγ(Y
′) = bβγ(Y ) . (3.16)
This result implies that the expressions bpq∂µZ
p∂νZ
q , bαβ∂µY
α∂νY
β break the scale
invariance of DBI action. In order to restore it we introduce two parameters m1, m2
as
bpq∂µZ
p∂νZ
q → m1bpq∂µZp∂νZq (3.17)
and also
bαβ∂µY
α∂νY
β → m2bαβ∂µY α∂νY β . (3.18)
Then using (3.16) we see that in order to have an action invariant under this scaling
transformation parameters m1 and m2 have to transform as
m′1 = Γ−2m1 , m′2 = Γ2m2 . (3.19)
Finally using (3.12) and (3.19) we obtain following values of ΦI and ΩA
ΦZ
p
D = Z
p ,ΦY
α
D = −Y α ,ΦAµD = 0 ,Ωm
1
D = −2m1 ,Ωm
2
D = 2m
2 .
(3.20)
As a final remark note that the original action can be recovered from the action
containing m1 and m2 simply by taking m
1 = m2 = 1.
Now using (3.20) we get the form of the dilatation current
j
µ
D = −
δL
δ∂µZp
ΦZ
p
D −
δL
δ∂µY α
ΦY
α
D =
τ1e
−Φ
(
gprZ
p∂νZ
r
(
A−1
)νµ
S
+ bprZ
p∂νZ
r
(
A−1
)νµ
A
)√− detA−
−τ1e−Φ
(
gαβY
α∂νY
β
(
A−1
)νµ
S
+ bαβY
α∂νY
β
(
A−1
)νµ
A
)√− detA .
(3.21)
Finally, we will calculate the term that appears on the right hand side of the equation
(2.24)
δL
δmA
ΩAD = −2
δL
δm1
m1 + 2
δL
δm2
m2 =
= τ1e
−Φ
(
bpq∂µZ
p∂νZ
q − bαβ∂µY α∂νY β
) (
A−1
)νµ√− detA ,
(3.22)
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where we have taken m1 = m2 = 1 in the end of calculation.
From the form of this anomaly term we see that the conservation of jµD is restored
for homogenous modes or for modes that are spatial depend only since then the
anomaly term vanishes thanks to the antisymmetry of b. In this paper we restrict
to the case of time dependent modes only. The case when world volume fields are
spatial dependent will be discussed in separate publication.
Before we proceed we would like to write the expression for Hamiltonian density
of Dp-brane moving in nontrivial background. The reason why we do this is that
the Hamiltonian for D1-brane will play an important role in next section. More
details considering the Hamiltonian density for Dp-brane in general background can
be found, for example in [37, 38]. In fact, using the analysis given there we have
shown in [12] that the Hamiltonian density for Dp-brane in curved background takes
the form
H = √−g00
√
K + πaba0 ,
K = ΠIgIJΠJ + πaγabπb + dagabdb + e−2Φτ 2p detAab ,
ΠI = PI + π
abaI = PI + π
a(baI + ∂aX
JbJI) ,
da = ΠI∂aX
I + Fabπ
b ,
γab = gab + ∂aX
IgIJ∂bX
J ,Aab = gab + ∂aX
I∂bX
JgIJ + Fab ,
Fab = ∂aAb − ∂bAa + bab + bIJ∂aXI∂bXJ ,
(3.23)
where a, b = 1, . . . p label the spatial coordinates on the world volume of Dp-brane.
Note that in (3.23) we presume the background where the metric g and two form
b are block diagonal so that baI = gaI = 0. Moreover, we will also consider the
background with ba0 = 0 and g00 = −1. Now using (3.23) it is easy to see that the
canonical equations of motion for XK and Aa take the form
∂0X
I =
δH
δPI
=
gIJΠJ + ∂aX
Igabdb√K ,
∂0Aa =
δH
δπa
=
baIg
IJΠJ + γabπ
b − Fabgbcdc√K .
(3.24)
On the other hand the equation of motion for PI are much more complicated. How-
ever we will not need their explicit forms since we use an existence of conserved
charges. On the hand the equation of motion for πa will be useful
∂0π
a = − δH
δAa
= ∂c
[
πagcddd − πcgaddd√K
]
− ∂b
[
e−2Φτ 2p√K
(
A−1
)ba
A
detA
]
.
(3.25)
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4. Time dependent world volume fields
In this section we will study the case when all world volume modes are time dependent
only. Moreover, for the D1-brane the situation simplifies further since now a, b = 1
and hence the quantities defined in (3.23) are equal to
γ11 = g11 ,A11 = g11 , d1 = 0 ,ΠI = PI . (4.1)
Now thanks to the manifest rotation symmetry SO(4) in the subspaces spanned by
coordinates z = (z6, z7, z8, z9) and y = (y2, y3, y4, y5) we can reduce the problem to
the study of the motion on two dimensional subspaces, namely we will presume that
only following world volume modes are excited
z6 = R cos θ , z7 = R sin θ , (4.2)
and
y2 = S cosψ , y3 = S sinψ . (4.3)
For these modes K defined in (3.23) is equal to
K = PRgRRPR + PSgSSPS + PθgθθPθ + PψgψψPψ + π1g11π1 + e−2Φτ 21 g11 =
=
τ 21R
2S2
g21g
2
2λ1λ2
(
1 +
λ2g
2
1g
2
2
τ 21S
2
P 2R +
λ1g
2
1g
2
2
τ 21R
2
P 2S +
λ2g
2
1g
2
2
τ 21R
2S2
P 2θ +
λ1g
2
1g
2
2
τ 21R
2S2
P 2θ +
g21g
2
2λ1λ2
τ 21R
2S2
π2
)
,
(4.4)
where on the second line we have taken the near horizon limit. Note that for sim-
plicity of notation we define π ≡ π1 , A ≡ A1. Then using (4.4) the Hamiltonian
density (3.23) takes the form
H = τ1RS
g1g2
√
λ1λ2
√√√√1 + λ2g21g22
τ 21S
2
P 2R +
λ1g
2
1g
2
2
τ 21R
2
P 2S +
λ2g
2
1g
2
2
τ 21R
2S2
P 2θ +
λ1g
2
1g
2
2
τ 21R
2S2
P 2θ +
g21g
2
2λ1λ2
τ 21R
2S2
π2 .
(4.5)
In the same way we obtain that the zero component of the dilatation current j0D
(3.21) is equal to
j0D ≡ d = −PRR + PSS . (4.6)
Since the resulting densities do not depend on x1 we will work with them instead of
with corresponding charges.
Firstly, it is easy to see, using (4.5), that
P˙θ = −δH
δθ
= 0 ,
P˙ψ = −δH
δψ
= 0 ,
π˙ = −δH
δA
= 0
(4.7)
11
so that Pψ, Pθ and π are constant. On the other hand the equations of motion for R
and S take the form
R˙ =
δH
δPR
=
τ1RS
g1g2
√
λ1λ2
λ2g
2
1g
2
2
τ 21S
2
PR√
(. . .)
=
R2PR
λ1H ,
S˙ =
δH
δPS
=
τ1RS
g1g2
√
λ1λ2
λ1g
2
1g
2
2
τ 21R
2
PS√
(. . .)
=
S2PS
λ2H ,
(4.8)
where we have used the fact that H is conserved. Now in order to find the time
dependence of R, S we proceed in the standard way and use an existence of the
conserved dilatation density (4.6) and conserved hamiltonian density (4.5). We begin
with simpler case when Pψ = Pθ = π = 0.
4.1 Case of zero Pθ, Pψ, π
In this case the Hamiltonian density is equal to
H = τ1RS
g1g2
√
λ1λ2
√√√√1 + λ2g21g22
τ 21S
2
P 2R +
λ1g
2
1g
2
2
τ 21R
2
P 2S . (4.9)
Let us also consider the situation when the dilatation density (4.6) vanishes and
hence
PR
S
=
PS
R
. (4.10)
Inserting (4.8) into the equation (4.10) we get
R˙
R
λ1 =
S˙
S
λ2 (4.11)
that implies
R
λ1
λ2C = S , (4.12)
where C = e
d0
λ2 is an integration constant and where the meaning of d0 will be given
below. With the help of (4.10) and (4.12) we can rewrite the hamiltonian density
(4.9) into the form
H = CR
(λ1+λ2)/λ2
g1g2
√
λ1λ2
√
τ 21 + g
2
1g
2
2(λ1 + λ2)C
−2P 2RR−2λ1/λ2 (4.13)
that allows us to express PR as a function of H and R
P 2R =
H2λ1λ2
(λ1 + λ2)R2
− C
2τ 21
g21g
2
2(λ1 + λ2)
R2λ1/λ2 . (4.14)
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Finally, from (4.8) and (4.14) we get a differential equation for R in the form
R˙ = ±R
√√√√√ λ2
λ1(λ1 + λ2)
− τ
2
1R
2(λ1+λ2)
λ2
C2(g1g2)2λ21H2(λ1 + λ2)
(4.15)
that has the solution
R =
(
λ1λ2(g1g2)
2H2
C2τ 21
) λ2
2(λ1+λ2)

 1
cosh
√
λ1+λ2
λ1λ2
t


λ2
λ1+λ2
, (4.16)
where we have chosen the initial condition that for t = 0 D1-brane is in its turning
point where R˙ = 0. Finally, using (4.12) and (4.16) we obtain the time dependence
of S
S = C
(
λ1λ2(g1g2)
2H2
C2τ 21
) λ1
2(λ1+λ2)

 1
cosh
√
λ1+λ2
λ1λ2
t


λ1
λ1+λ2
. (4.17)
The physical picture of the time evolution of D1-brane is following. The D1-brane
leaves the world volume of I-brane at t = −∞, reaches its turning point at t = 0
and then it again moves to the world volume of I-brane. It would be certainly very
interesting to propose the holographic interpretation of this dynamic situation as was
done in case of Dp-brane in NS5-brane background in [28].
Let us now consider more general case when the dilatation current j0D is nonzero
and hence
d = −PRR + PSS = −λ1HR˙
R
+ λ2H S˙
S
, (4.18)
where we have used the equations of motion (4.8). The integration of the equation
(4.18) gives
d
H t+ d0 = ln
(
Sλ2
Rλ1
)
⇒ S = Rλ1/λ2e 1λ2 ( dH t+d0) . (4.19)
Then using (4.18) and (4.19) we can express the Hamiltonian density (4.9) as
H =
√√√√ R2S2τ 21
(g1g2)2(λ1λ2)
+
1
λ1
PRR2 +
1
λ2
PSS =
=
√√√√ R2S2τ 21
(g1g2)2(λ1λ2)
+
λ1 + λ2
λ1λ2
R2P 2R +
d2
λ2
+ 2PRR
d
λ2
.
(4.20)
From (4.20) we now express PR as function of R, S
PR = − dλ1
(λ1 + λ2)R
± λ1λ2
(λ1 + λ2)R
√√√√H2(λ1 + λ2)
λ1λ2
− d
2
λ1λ2
− R
2S2τ 21
λ(g1g2)2λ1λ2
.
(4.21)
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Consequently the equation of motion for R takes the form
R˙ =
R2PR
λ1H = −d
1
(λ1 + λ2)
R± λ2R
(λ1 + λ2)H
√√√√H2(λ1 + λ2)
λ1λ2
− d
2
λ1λ2
− (λ1 + λ2)R
2S2τ 21
(g1g2)2(λ1λ2)2
.
(4.22)
In order to solve the equation (4.22) we consider following ansatz
R = K(t)e
− d
(λ1+λ2)H
t
(4.23)
and insert it to the equation (4.22). Then we obtain a differential equation for K
K˙ = ± K√
λ1 + λ2
√√√√λ2
λ1
− d
2
H2(λ1 + λ2)
λ2
λ1
− τ
2
1 e
2d0/λ2
H2(g1g2)2λ21
K
2(λ1+λ2)
λ2 , (4.24)
where we have used the fact that for (4.23) we have
R2S2 = R
2(λ1+λ2)
λ2 e
2
λ2
( d
H
t+d0) = K
2(λ1+λ2)
λ2 e2d0/λ2 . (4.25)
The equation (4.24) can be straightforwardly integrated with the result
K =


√
λ1λ2
√
1− d2H2(λ1+λ2)g1g2He
− d0
λ2
τ1


λ2/(λ1+λ2)
 1
cosh
√
λ1+λ2
λ1λ2
√
1− d2H2(λ1+λ2)t


λ2/(λ1+λ2)
.
(4.26)
Finally using the result given above and (4.23) we obtain the time dependence of R
R = e
− 1√
λ1+λ2
(
1√
λ1+λ2
d
H
t+
d0√
λ1+λ2
) 

√
λ1λ2
√
1− d2H2(λ1+λ2)g1g2H
τ1


λ2
(λ1+λ2)
×
×

 1
cosh
√
λ1+λ2
λ1λ2
√
1− d2H2(λ1+λ2) t


λ2
(λ1+λ2)
.
(4.27)
The time dependence of S then follows from (4.19) and from (4.27).
An importance of the solution given above will be seen below when we compare
it with the solution obtained in the background introduced in [35]. To see this let us
again write the Lagrangian for time dependent D1-brane in the near horizon limit
L = − τ1
g1g2
√
R
λ1
√
S
λ2
√
1− λ1
R2
R˙2 − λ2
S2
S˙2 . (4.28)
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As the first step let us introduce two modes φ1 and φ2 defined as√
λ1
dR
R
= dφ1 ,
√
λ2
dS
S
= dφ2 (4.29)
or equivalently
R = e
φ1√
λ1 , S = e
φ2√
λ2 . (4.30)
If we insert (4.30) into (4.28) we obtain
L = −τ1e
(
φ1√
λ1
+
φ2√
λ2
)
√
λ1λ2g1g2
√
1− φ˙21 − φ˙22 . (4.31)
Following [35] we introduce two modes φ, x2 through the relation
Qφ =
1√
λ1
φ1 +
1√
λ2
φ2 , Qx
2 =
1√
λ2
φ1 − 1√
λ1
φ2 , (4.32)
where
Q =
1√
λ
,
1
λ
=
1
λ1
+
1
λ2
. (4.33)
Note that the inverse transformations to (4.32) take the forms
φ1 =
1√
λ1 + λ2
(√
λ1x
2 +
√
λ2φ
)
,
φ2 =
1√
λ1 + λ2
(√
λ1φ−
√
λ2x
2
)
.
(4.34)
Then using (4.34) we can express the Lagrangian (4.31) as
L = − τ1√
λ1λ2g1g2
eQφ
√
1− (∂0x2)2 − (∂0φ)2 . (4.35)
This result demonstrates an enhancement of symmetry in the near horizon region as
was previously shown in [35]. In fact the form of the Lagrangian (4.35) suggests to
interpret x2 as a mode that describes the location of D1-brane in additional world
volume direction of 2 + 1 dimensional object. Moreover, due to the fact that the
Lagrangian (4.35) does not explicitly depend on x2 the momentum P2 conjugate to
x2
P2 =
δL
δ∂0x2
=
τ1e
Qφ
√
λ1λ2g1g2
∂0x
2√
1− (∂0x2)2 − (∂0φ)2
(4.36)
is conserved. We also see that the Hamiltonian H defined as
H = ∂0x
2P2 + ∂0φPφ − L = τ1e
Qφ
g1g2
√
λ1λ2
1√
1− (∂0x2)2 − (∂0φ)2
=
=
√√√√P 22 + P 2φ + τ
2
1
λ1λ2(g1g2)2
e2Qφ
(4.37)
15
is also conserved and equal to the energy E. Now using (4.37) we express Pφ as
function of φ so that the equation of motion φ˙ =
Pφ
H
implies a differential equation
for φ
dφ√
1− τ21
(E2−P 22 )(g1g2)2λ1λ2
e2Qφ
= ±
√
1− P
2
2
E2
dt . (4.38)
that has the solution
eQφ =
√
E2 − P 22 (g1g2)
√
λ1λ2
τ1
1
coshQ
√
1− P 22
E2
t
(4.39)
or equivalently
φ = ln


√
E2 − P 22 (g1g2)
√
λ1λ2
τ1


√
λ1λ2
λ1+λ2
+ ln

 1
coshQ
√
1− P 22
E2
t


√
λ1λ2
λ1+λ2
. (4.40)
Note that we have chosen the initial condition corresponding to D1-brane that reaches
its turning point at t = 0. Then from the inverse transformations (4.34) and the fact
that x2 = P2
E
t + x20 we obtain the time dependence of φ1 and φ2
φ1 =
√
λ1
λ1 + λ2
(
P2
E
t+ x20
)
+
√
λ2
λ1 + λ2
φ ,
φ2 = −
√
λ2
λ1 + λ2
(
P2
E
t+ x20
)
+
√
λ1
λ1 + λ2
φ .
(4.41)
Using (4.30) and also (4.40) we finally obtain
R = exp
(√
1
λ1 + λ2
(
P2
E
t+ x20
))
√
E2 − P 22 (g1g2)2λ1λ2
τ 21


λ2
2(λ1+λ2)
×
×

 1
coshQ
√
1− P 22
E2
t


λ2
λ1+λ2
,
S = exp
(
−
√
1
λ1 + λ2
(
P2
E
t+ x20
))
√
E2 − P 22 (g1g2)2λ1λ2
τ 21


λ1
2(λ1+λ2)
×
×

 1
coshQ
√
1− P 22
E2
t


λ1
λ1+λ2
.
(4.42)
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If we compare this solution with (4.27) we get following identification
P2 =
d√
λ1 + λ2
, x20 =
d0√
λ1 + λ2
. (4.43)
In summary, we have shown that the scaling symmetry that was found for D1-brane
moving in the original background has clear relation to the enhancement symmetry
presented in [35]. This result also gives a physical interpretation of the dilatation
charge d that after rescaling corresponds to the conserved momentum P2 in the new
flat direction.
4.2 Case of nonzero Pψ, Pθ and π
For nonzero Pψ, Pθ and π the Hamiltonian density takes the form
H = RS
g1g2
√
λ1λ2
√
τ 21 +
λ2g
2
1g
2
2
S2
P 2R +
λ1g
2
1g
2
2
R2
P 2S +
g21g
2
2
R2S2
G , (4.44)
where we have defined
G = λ2P
2
θ + λ1P
2
ψ + λ1λ2π
2 . (4.45)
As usual, the equations of motion for R and S take the form
R˙ =
R2PR
λ1H ,
S˙ =
S2PS
λ2H .
(4.46)
For simplicity we restrict ourselves to the case of the vanishing dilatation density
d = 0 bear in mind that this analysis can be easily extended to the case of nonzero
d as we have shown in the previous section.
For d = 0 we again obtain the relation between R and S in the form
R
λ1
λ2C = S , C = e
d0
λ2 . (4.47)
Using also the fact that PS =
R
S
PR we express H as function of R and PR only
H = RS
g1g2
√
λ1λ2
√
τ 21 + (g1g2)
2 (λ2 + λ1)
P 2R
S2
+
g21g
2
2
R2S2
G =
=
CR
λ1+λ2
λ2
g1g2
√
λ1λ2
√
τ 21 + (g1g2)
2(λ1 + λ2)C−2P 2RR−2λ1/λ2 + (g1g2)2GC−2R−2(λ1+λ2)/λ2 .
(4.48)
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If we express PR from (4.48) and insert it to the first equation in (4.46) we obtain
the differential equation for R
R˙ = ±
(
1
λ21H2
[ H2λ1λ2
(λ1 + λ2)
− G
(λ1 + λ2)
]
R2 − 1
λ21H2
C2τ 21
(g1g2)2(λ1 + λ2)
R4+2λ1/λ2
)1/2
(4.49)
that has the solution
R =
(
λ1λ2(g1g2)
2H2
C2τ 21
− G(g1g2)
2
C2τ 21
) λ2
2(λ1+λ2)

 1
cosh
√
λ1+λ2
λ1λ2
− G(λ1+λ2)H2(λ1λ2)2 t


λ2
λ1+λ2
,
S = C
(
λ1λ2(g1g2)
2H2
C2τ 21
− G(g1g2)
2
C2τ 21
) λ1
2(λ1+λ2)

 1
cosh
√
λ1+λ2
λ1λ2
− G(λ1+λ2)H2(λ1λ2)2 t


λ1
λ1+λ2
,
(4.50)
where on the second line we have used the relation (4.47). We see that nonzero
values of Pθ, Pψ and π do not significantly change the resulting dynamics. The same
situation was previously reported in the papers devoted to the study of the dynamics
of Dp-brane in NS5-brane background.
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